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1. Introduction

Let N be a positive integer and X1(N) (resp. Xo(N)) be the classical modular curve corresponding
to the modular group I'1(N) (resp. I'p(N)). Many papers have already been devoted to the problem
of finding (Q-rational models for these modular curves and their quotients [22,12,17,14,15,10]. In this
work we are interested in modular curves defined over Q which are dominated over Q by Xi(N).

In [13,2] the concept of new modular curve is introduced. These are curves dominated by Xj(N)
such that the corresponding morphism on their jacobians factors through the new part of the jacobian
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of X1(N). For the genus 1 case, the concept of new modular curve and modular curve are equivalent.
Shimura [19] proved that any elliptic curve with complex multiplication is modular, and provided in
this way the first infinite set of new modular curves of genus 1. Furthermore, in a series of papers,
Wiles et al. [24,23,4] proved that every elliptic curve defined over Q is modular and thus new mod-
ular. Conversely, all new modular curves of genus 1 are elliptic curves defined over Q. In contrast to
the new modular elliptic curve case, for a fixed genus g > 2 the set of new modular curves of genus g
(up to Q-isomorphism) is finite and computable [2]. In the genus 2 case, [2,13] provide a complete list
of new modular curves. More precisely, in their proof [2] of computability of new modular curves of
fixed genus g > 1, the authors develop a deterministic method that provides a finite (but enormous)
list containing, amongst others, all the new modular curves of genus g. The large amount of curves
appearing in this list makes the computation of all new modular curves of genus g > 2 impossible
nowadays. For example, for g =3, 4,5, 6 there are respectively 101%%, 10239, 10%%>, 10844 possibilities.
Moreover, [2] provides a sufficient and necessary condition to verify if a new modular abelian variety
is Q-isogenous to the jacobian of a modular hyperelliptic curve. That is, for each level N, they provide
a method to compute all the new modular hyperelliptic curves defined over QQ of level N. For the
non-hyperelliptic new modular case, they provide a necessary, but not sufficient condition based on
the canonical embedding (cf. Remark 1).

The aim of this paper is to study the simplest case of non-hyperelliptic new modular curves, i.e.
the case of genus 3 (smooth plane quartics). We first provide a necessary and sufficient condition for a
non-hyperelliptic curve to be modular of level N with the additional requirement that its holomorphic
differentials correspond to the holomorphic differentials of a given modular abelian 3-fold defined
over Q. We then restrict our attention to the computation of all non-hyperelliptic new modular curves
of genus 3 up to a fixed level (see Appendix A).

This paper is organized as follows: In Sections 2 and 3 we review the necessary technical back-
ground about modular curves and non-hyperelliptic genus 3 curves respectively. In Section 4 we
present a method that allows us to recognize if a modular abelian 3-fold corresponds to the jaco-
bian of a non-hyperelliptic modular curve of genus 3. We apply this method to compute all the new
modular non-hyperelliptic curves of genus 3 up to certain levels. In Section 5 we present some exam-
ples that show the ambiguity of the non-new modular case. We conclude this paper with an appendix
that gives equations of 44 non-hyperelliptic new modular curves of genus 3, and we expect these to
be the complete list of this kind of curves.

Remark. A different approach to the one studied in this paper is the one researched at [18]. There
the author developes an algorithm to recognize if a modular abelian 3-fold is the jacobian of a non-
hyperelliptic curve of genus 3. Note that in our problem, if a curve is modular then its jacobian is
modular. Nevertheless, the converse is not true in general.

Notation. All curves and varieties in this paper are smooth and projective, and all the fields will be
of characteristic zero. If X is a variety over a field K, 2 = .Q}(/K denotes the sheaf of holomorphic

1-forms. If A and B are two abelian varieties defined over a field K, the notation A X B means that
A and B are K-isogenous. Let k, N € N, we denote by Si(N) the vector space of cuspidal forms of
weight k for the modular subgroup I'j(N). Throughout the paper all the modular curves and abelian
varieties are defined over (Q and we will use the labelling of modular forms and abelian varieties
as it was introduced in [2, Appendix]. For the sake of completeness, we remind this labelling at
Appendix A. Along the paper we will use the canonical identification between the spaces HO(C, £21)
and HO(Jac(C), 21) (cf. [21, §2.9, Prop. 8]).

2. Modular curves

This section is dedicated to the basic notions about modularity that will be used in the rest of the
paper. [2, §3.1] is a good reference where all the necessary background is included.
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Definition 1. An abelian variety A over Q is said to be modular of level N if there exists a surjective
Q-morphism v : J{(N) — A. In that case, we say that A is new (of level N) if v factorizes through
JIEV(N) over Q.

Thanks to the knowledge of the decomposition of J{(N) over QQ, we have that if A is a modular
abelian variety then there exist k normalized eigenforms fi,..., fi in S2(N, &) (where Sy(N, €) de-
notes the vector space of cuspidal forms of weight 2, level N and Nebentypus the Dirichlet character
&) such that

,@ n ny
A~ AL X x AR (1)
where Ay, is the abelian variety defined over Q attached to f; by Shimura. These modular abelian
varieties are very special. For instance, if f is a newform with g-expansion f(q) =q + 2@2 anq"

(here q = e2™2), then Ay is Q-simple and Ky = Q({ay}) is a number field of degree equal to the
dimension of Ay.

For a modular abelian variety v : J{(N) -» A we define Sy(v,A) to be the subspace of
HO(J1(N), £21) determined by the equality

v*HO(A, 21) :Sz(v,A)%q.

If A is new, it admits a unique quotient map from J;(N), and hence, the space S,(v, A) is canonically
attached to A and it is denoted simply by S2(A). Note that if A= Ay then Sx(Af)=(°f(q):0 €
Gal(Q/Q)). On the other hand, if A is non-new of level N, it may be presented in many ways as a
quotient of J1(N), and thus this space depends on the quotient map v. Along the rest of the paper,
whenever we refer to a modular abelian variety, we will assume implicitly that we are given a fixed
map v: J1(N) — A, and thus we will write shortly S;(A) instead of Sy (v, A).

Definition 2. A non-singular curve C defined over Q is said to be modular of level N if there exists a
non-constant Q-morphism 7 : X1(N) — C. The modular curve C is then said to be new of level N if its
jacobian Jac(C) is new of level N.

Let 7 : X1(N) — C be a modular curve, then we will use S,(C) to denote S, (i, Jac(C)). Here the
dominant Q-morphism is uniquely determined by s, that is, the dominant morphism is 7, : J1(N) —
Jac(C).

As a first step to understand the structure of new modular curves, the authors of [13] showed that
the set of new modular curves of genus 2 over Q is finite, and that there are exactly 149 such curves
whose jacobian is Q-simple. In [2] the case of genus 2 is completed, showing in particular that there
are exactly 213 new modular curves of genus 2. Furthermore, [2] generalized the above approach for
new modular curves with fixed genus g > 2:

Theorem 1. (See [2].) For each integer g > 2, the set of new modular curves over Q of genus g is finite and
computable.

3. Non-hyperelliptic curves of genus 3

Since parts of the theory concerning non-hyperelliptic genus 3 curves are not easily available
in modern publications, we include here the theory we use throughout the article. Specifically, we
present some facts about holomorphic differentials, canonical embedding and automorphism sub-
groups. Some useful references can be found in [1,5,9,16].
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Let C be a non-hyperelliptic curve of genus 3 defined over a field K and let {w1, w,, w3} be a basis
of the space HO(C, £2') of holomorphic differential forms on C. The canonical embedding of C with
respect to this basis is given by

¢:C—> P
P> ¢(P) :=[w1(P) : w2(P) : w3(P)],

where w(P) = g(P) for any expression w = gdtp, with g,tp € K(C) and tp a local parameter at P.
The image ¢(C) of C by such a canonical embedding ¢ is a smooth plane quartic defined over K
and, conversely, any smooth plane quartic is the image by a canonical embedding of a genus 3 non-
hyperelliptic curve.

From now on, let C be a smooth plane quartic defined over K by an affine model f(x,y)=0. In
these coordinates there is a canonical basis of HO(C, £2') given by

X y 1
3 (x, ) & 3 (x, y) ax 3 (x, y)
ady ay ay

dx. (2)

The next result will be useful in Section 4.3.

Proposition 1. Let C be a non-hyperelliptic curve of genus 3 and G an abelian subgroup of Aut(C) such that
the genus of C/G is 1. Then G is cyclic of order 2, 3 or 4.

We need a technical lemma to prove this proposition.

Lemma 1. Let C be a non-hyperelliptic curve of genus 3 and G a cyclic subgroup of Aut(C). Then the genus of
C/G is 0 or 1. Furthermore, if |G| > 4 then the genus of C/G is 0.

Proof Lemma 1. We are going to apply Hurwitz’s formula to the covering C — C/G to obtain the

desired result. First we obtain that the genus of C/G is 0, 1 or 2. Let us suppose that the genus is 2,

then by Hurwitz’s formula we have that |G| = 2. Therefore, there exists an involution of C that is not

bielliptic, and thus by [16, Corollary, p. 283] C is hyperelliptic, in contradiction with the hypothesis.
Again, using Hurwitz’s formula we obtain that the genus of C/G is 0 if |G| >4. O

Proof Proposition 1. According to the possible full automorphism group for C [16], we have

|Aut(O)] € {1,2,3,22,2-3,7,2%,32,24,2%.3,2*.3,2°.3,2° . 3.7}

We can then assume that there exist non-negative integers a < 5,b <2 and ¢ <1 such that |G| =
2¢.3b.7¢ Then we have

e ¢ = 0. Since for ¢ # 0 there would exist a cyclic subgroup H < G of order 7 and therefore by
Lemma 1 the genus of C/H should be 0. Hence the genus of C/G should also be 0.

e b < 1. The only possibility for 32 to divide |G| is that G & Z/9Z (see the complete classification
of the full automorphism group [16]). Then by Lemma 1 we have that the genus of C/G is 0, in
contradiction with the hypothesis.

e G £ (Z/2Z)2. This is a direct conclusion using Accola’s Theorem ([1], [9, V.1.10]) and the fact that
any involution of a non-hyperelliptic curve of genus 3 is bielliptic ([16, Corollary, p. 283]).

e |G| #2324 2° since any such abelian group has (Z/27)? or a cyclic subgroup of order >4 as a
subgroup.
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o |G| #2-3,2%2.3,23.3,24.3,2°.3, since the corresponding groups have at least a cyclic subgroup
of order > 4.

Combining the above statements yields the conclusion that G is cyclic of order 2,3 or 4. O
4. Non-hyperelliptic modular curves of genus 3
4.1. Modular criteria

For non-hyperelliptic curves of genus 3, Proposition 2 will provide us with an effective criteria to
determine when a Q-factor of J;(N) is Q-isogenous to the jacobian of a non-hyperelliptic modular
curve of genus 3. There is a similar version of Proposition 2 for hyperelliptic curves [2], where the
main difference appears in condition (iii)(b) below which is not necessary for hyperelliptic curves.
Lemma 3 will give extra information in the new case.

Proposition 2. Let J{(N) — A be a modular abelian 3-fold defined over Q. The following statements are
equivalent:

(i) There exist a non-hyperelliptic genus 3 curve C and a non-constant Q-morphism 7 : X1(N) — C such
that S»(C) = Sy (A). In particular, Jac(C) < A.

(ii) There exist a non-hyperelliptic genus 3 curve C;C and a non-constant C-morphism 7t/ : X1(N) — C’ such
that S3(C) = S (A).
(iii) For every basis { f1, f2, f3} for Sy (A), there exists an irreducible and non-singular homogeneous polyno-
mial F(X,Y,Z) e C[X,Y, Z] of degree 4 such that:
(@) F(f1, f2, f3) =0,
(b) denote by f/ the derivative of f; with respect to the complex variable z € H, for i = 1, 3, and define
the function

f3fi—his

WF(f]»fZ,-h)::m

€ C(X1(N)).

Then ¥g(f1, f2, f3) is a constant function.
The following technical lemma will be used in the proof of the previous proposition.

Lemma 2. Let v : C;1 — C3 be a non-constant morphism between curves defined over a field K of characteristic
zero. Let {1, ..., wg} be a basis of H(C2, 21) and f e K(Cy) such that fm*w; belongs to w*HO(C3, 21),
foralli. Then f € K.

Proof. One has fm*w; = m*u; for all i, where u; € HO(Cy, £21). Applying the pushdown of = we
obtain . (f*w;) = mw,(w* ;). Therefore

7 (div(f)) + deg 7 div(w;) = deg 7 div(p;).

Let div(f) = ZPGQ npP, then m,(div(f)) = ZPGQ npmw(P). Assume that f is not a constant,
then there exists Po € C; such that np, < 0. Let Qo = 7 (Pp). Thus np, 4+ degm ordg,(w;) =
degr ordg,(1i) = 0. Therefore ordg,(w;) > 0 for all i. This is not possible because the linear sys-
tem of regular differentials is base-point free. O

Proof Proposition 2. The assertion that (i) implies (ii) is trivial. Assuming (ii) we are going to
prove (iii). Let

H L X (N) 2> ¢ 25 B2 = P(HO(C)g. 21)).
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Then let x1, x2, x3 the coordinates on P2 and

Wi =¢*(x) € H(Cje. 21), 1=1.2.3,
pi=n"*) e HOX1(N)c, @Y, i=1,2,3.

Since C’ is non-hyperelliptic there exists an irreducible and non-singular homogeneous polynomial
F € C[X,Y, Z] of degree 4 such that ¢(C’) : F(x1, x2,x3) = 0. Hence F((¢ o 7' )*(X1), (¢ o ")*(x2),
(¢ om')*(x3)) =0, ie. F(ur, 2, 43) =0. Let us call x = pu1/pu3,y = pa/p3 € C(X1(N)) and f €
C[X1, X2] the dehomogenization of F, then f(x, y) =0. Now we identify C’ with ¢(C") C P2, and let
f(u, v) the affine equation. Then by (2) we have

HO(C’,.Q])=<A u du, v du, — ! du> )
C

sewvy Hwyy T M
Therefore
n/*(u)=n/*<ﬂ> — m — ﬂ =X
w3 T (ws3)  pu3
T (v) = n/*(%) _ ' (w2) _ m2 —y
w3 T (w3) U3
Thus

n/*HO(C’,.Ql)=< 57 X dx, 57 4 dx, 7 ! dx> )

G *Y) gy gy lc

Classically, one can identify functions (resp. regular differentials) on X;(N) with modular functions
(resp. modular forms of weight 2) with respect to I'7(N). So we let w; = fi(z)dz with f; € Sp(N),
for i =1,2,3. So x = f1/f3 and y = f»/f3. In particular, {fq, f2, f3} form a basis for S,(A),
F(f1, f2, f3) =0 and

%dx: wF(fla f27 f3)f1(z)dz7
W(Xv )

2
S dx= Ve (f1, f2. f2) fa(2) 2,
E(X’y

1
afidx= Ye(f1, f2, f3) f3(2) dz.
)

G %Y

Now let us proof that ¥r(f1, f2, f3) is a modular function. A straightforward computation shows that,
if f1, f3 € S2(N), then f{ f3 — f1f; € Se(N). The modular form g—‘F,(foz, f3) belongs to Sg(N) since
%(X, Y, Z) is a homogeneous polynomial of degree 3. Therefore

f1f3—f1f§

————— € C(X1(N)).
%(fhfz,ffs)e (Xaa0)

Let us call it ¥ (z). Then for all i we have
Vr(f1, fo, f3) fi@dz=W - ui =¥ - '(wy) e 7' *HO(C', 2).

Then applying Lemma 2 we conclude that the function ¥ (z) is constant.
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Let now {g1, g2, g3} be another basis for S;(A) and M € GL3(C) from the matrix of the change of
basis {g1, g2, g3} to {f1, f2, f3}, that is (g1, g2, £3)" = M~ (f1, f2, f3)". Let us define

G(X.,Y,Z)=F((X,Y,2)-M") e C[X. Y, Z].

Then G is an irreducible and non-singular homogeneous polynomial of degree 4 such that
G(g1, &2, g3) =0. That (g1, &2, g3) is a constant function follows from the equality

VG (g1, &2, 83) = det(M ™) Yr(f1, fa, f3).

We now assume (iii) and prove (i). Let g be the genus of X;(N). Since X;(N) and A are both defined
over Q, there exists a Q-basis {f1,..., fg} of S2(X1(N)) = S2(N) such that {f1, f2, f3} is a Q-basis
of Sy(A). Therefore the corresponding polynomial F(X7, X3, X3) has rational coefficients. Let C be the
smooth plane quartic C : F(X1, X2, X3) = 0. The following map

7 X1(N) > Pe~1 5 p2,
P—[fi(P):...: fg(P)] = [f1(P): fa(P): f3(P)]

defines a non-constant Q-morphism from X;{(N) to C, i.e. C is a non-hyperelliptic modular curve
(defined over Q) of genus 3. Now, using the same argument as above, since ¥ (f1, f2, f3) is constant,

it follows that S,(C) = S,(A). In particular, this implies Jac(C) < A. O

Remark 1. Let J{(N) -+ A be a modular abelian 3-fold such that S;(A) = (fi1, f2, f3) and
C:F(X,Y,Z)=0 be a smooth plane quartic such that F(f1, f2, f3) =0 and v¥r(f1, f2, f3) is not
a constant function. Then the jacobian of the curve C is not necessarily isogenous to the abelian va-
riety A. For example: let {fy, f2, f3} be a Q-basis of S;(A), where A is the new modular abelian
3-fold A120A(0,0.0,2) X E1204. There is a Q-rational smooth plane quartic C : F(X,Y,Z) = 0 with
F(f1, f2, f3) =0 and for which ¥ r(f1, f2, f3) is not a constant function. In fact, C is modular and

Jac(C) ~ A, but Jac(C) 2 A304p, X Xo(15), ie. C is non-new of level 30 (see Example 5).

Remark 2. It can happen that for S>(A) = (f1, f2, f3)o € S2(N) there exists a (plane) non-
hyperelliptic curve of genus 3 with equation C4: Fg(X,Y,Z) = 0 of degree d > 5 such that
Fq(f1, f2, f3) = 0. In that case, the image C : G(X,Y,Z) = 0 of the canonical embedding of Cy4
determined by {fi, f2, f3} is a modular curve (since the inclusion between the function fields
Q(C) € Q(X1(N)) implies the existence of a Q-morphism from X;(N) onto C), however Jac(C) is
not necessarily Q-isogenous to A (see Examples 3 and 4).

Lemma 3. Let C be a non-hyperelliptic new modular curve of genus 3 and 7 : X1(N) —» C the corresponding
modular parametrization. Then:

(i) There exist hy, ha, h3 € S2(N) with rational q-expansions
hi(@) =g+ 0(q°),

ha(q) = q* + 0(q?).
h3(q) = 0(q*),

such that S(C) = (h1, h, h3) with ordgq h3 < 5. Furthermore, if Jac(C) is Q-simple, then ordg h3 < 5.
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(i) Let ¢ : C — P2 be the canonical embedding given by the basis of regular differentials in (i). Then ¢ (C) :
F(X,Y, Z) =0 is a smooth plane quartic defined over Q with the Q-rational point Po, = (1:0:0).
Moreover, P, is a flex (resp. a hyperflex) if ordg h3 > 4 (resp. ordg h3 = 5).

Remark 3. In the previous lemma, the point P, is never a hyperflex of C if Jac(C) is Q-simple. When
Jac(C) does split over Q, it may happen that P, is a hyperflex of C (cf. C§‘9A( CgéB’D from Table 1

in Appendix A).

0,6}’

Proof. (i) Our strategy is to split the proof into three cases according to the decomposition of Jac(C)
over Q:

Case A: Jac(C) is Q-simple. Then Jac(C) < Ag with f e S3(N,1).

Case AE: Jac(C) g A x E, where E is an elliptic curve over Q and A is a Q-simple 2-fold. Then there
exist g € S2(N, 1) such that Ag < E and f e S»(N,¢&) such that Ay < A and ord(e) € {1, 2, 3,4, 6}
(since Q(&) C Ky).

Case EEE: Jac(C) 2 E1 x Ey x E3, where Eq, E», E3 are elliptic curves defined over Q. Then there
exist f; € So(N, 1) such that A, S E; i=1,2,3.

Following [2, Corollary 7.3(i)], there exists a basis {g1, g2, g3} of S2(C) such that gi(q) =q +
Yns2 aPq", and since C is non-hyperelliptic,

it is not possible that ag) = aéz) = af). (3)

We are going to apply (3) to our three cases:
Case A. Let f(q) = Z@]anq”. Then by (3) we have ap ¢ Q, that is, Ky = Q(az). In this case

S2(Af) = (f,° f,Pf), where {id, o, B} are the Q-embeddings of Ky into Q. Now we construct an
explicit Q-basis {hy, h, h3} for Sy(Ay). Let p(x) = x3 4+ ax® + bx + ¢ be the minimal polynomial of a;
and

1 . )
§i@=3 > g jo(db tan)g, i=1.2.3.
n>1

Then g1, g2, g3 have rational g-expansion and S, (C) = (g1, g2, g3). Now, let be

hi(q) = g1(@),

a
ha(q) = (gz(q) + 381 (q)),

18
disc(p’(x))
1 1
hs(@) = g3(9) — 5 (a* = 2b)g1(@) + 5 (2¢° — Tab + 9c)g2(9) = Aysa’ + Ag* + 0(¢°),
where a3 = a3 + f3a; + ]/3(1%, since a3 € Ky = Q(az), and

_ 2 disc(p(x))
~ 3disc(p’(x))”

Since p(x) has three different real roots, both disc(p(x)) # 0 and disc(p’(x)) # 0, and therefore A € Q*.
After normalizing, we have h3(q) = g + 0(q*) when y3 %0 and h3(q) =q* + 0(q°) when y3 =0.
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Case AE. Let be K¢ = Q(«/E), Aut(Ky) = {id, o’} and

f@ =q+ (A2 + B2vVd)g?* + 0(¢%),
7 f(q) =q+ (A2 — Bovd)g* + 0(¢°),
g@ =q+c2q* +0(q?),

with Ay, B, ¢ € Q.
Then by (3) there are two possibilities depending on whether B, =0 or B, # 0.

e If By #0, then we choose

hi(q) = M =q+0(q%),

f@-"f@

ha(q) = ———=—=¢*+ 0(q°).
2(@) T A (@)

h3(q) = g(q) — h1(q) — (c2 — A2)ha(q) = 0(q°).

e If B, =0, from (3) we have A; # ¢, hence

hl(Q)ZMZ(Jﬁ-O(qZ),
—h
hz(q)zLX(m:q%O(ﬂ,
— 2
f@—-7f@ 3
h = ""=0 .
3(q) 7 (@)

Case EEE. Let

fi@=q+aq*+0(q%),
q

3,

3@ =q+c24*+0().

f2@ =q+bag*+ 0

with az, by, ¢ € Q.
Then by (3) we can assume that a, # b,, and thus

h1(@ = f1(@ =q+ 0(q?),
hoqy= D= L@ _ oy 0(q*).
ar —bz
h3(q) = f3(@) — f1(@) — (c2 — a2)h2(q) = 0(q?).

Let n = ordg h3. For all the cases above, the degree four monomial h"]h%h;lf';j has order 1+ 2j +

n4 —i— j). It is easy to check that for n > 6 all these orders are different, and hence there is no
F € Q[X,Y, Z] of degree 4 such that F(hy, hy, h3) =0.
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(ii) Let S3(C) be choosen as above, then the image of C by the canonical embedding ¢ is a smooth
plane quartic of the form

i+j+rk=4
Z al-ij‘YJZ" =0, where g;jx € Q.

i,jkeZso

For X := hi(q),Y := ha(q) and Z := h3(q), the degree four monomials X'YJZ* have g-expansions
X*=q*+ 0(¢°), X3Y =¢° + 0(¢®), and X'YiZ¥k = 0(q®) otherwise. It follows that asog,azio = O,
and therefore Py, := (1:0:0) € ¢(C)(Q). The tangent line I, at P is the line with equation Z = 0.
Furthermore, for h3(q) = q* + 0(q°) we have X2Y2 =¢% + 0(q7) and X'YiZK = 0(¢q”) for all the
degree four monomials different from X2Y2, X#, X3Y. Hence ayy0 = 0. In this case, Py is at least
an ordinary flex. Similarly, for h3(q) = q° + 0(q%) the degree four monomials have g-expansions
X2Y2=q¢%+0(q"), XY3=q" + 0(q®) and X'YiZ¥ = 0(q®) for degree four monomials different from
X2Y2, x4, X3Y, XY3. In this case, axg = ai3p =0, and therefore P, is a hyperflex, which proves the
assertion. 0O

4.2. Computational algorithm

Proposition 2 provides us with a theoretical algorithm to recognize whether or not a modular
abelian 3-fold corresponds to a non-hyperelliptic modular curve of genus 3. The following result gives
us a computational algorithm:

Proposition 3. Let J{(N) — A be a modular abelian 3-fold defined over Q and let Sy(A) = (h1(q), h2(q),
h3(q))q. If there exist a non-singular homogeneous polynomial F € Q[X, Y, Z] of degree 4 and a constant
cr € Q* such that
2
(i) F(h1(q).h2(q). h3(q)) = O(qV). wherecy = E[SLZ(Z) (TN,

(i) wr(h1(@. h2(@). h3(@) = cF + 0 (qV),  where cly = = [SLa(Z) : [T (N)],

N =

then the curve C : F(X, Y, Z) = 0 is a non-hyperelliptic modular curve of level N such that Jac(C) g A.

Remark 4. Let A be a new modular abelian variety of level N. If A is a quotient of Jo(N) then I'1(N)
could be replaced by I'y(N) in the formulas for cy and cy. The only case when it could not be

replaced is when A < Af x Ag and f € S3(N, &) with & non-trivial. In that case A is a quotient of
Jac(X(N, €)) and I'1(N) could be replaced by I'(N, &) in the formulas for cy and c).

Proof. For a positive integer k, it is well known that if f € Sp(N) and f(q) = 0(¢%) with ¢ >
]’—‘Z[SLZ(Z) : I (N)] then f = 0. Using condition (i), we apply this result to the modular form
F(h1, hy, h3) € Sg(N) to prove that F(hi(q), h2(q), h3(q)) = 0. Now, using (ii) we are going to prove
that ¥ (hy, hz, h3) = cr. In order to prove it, we first observe that h}hs —hih}; € Sg(N), since hy,h3 €
S2(N). On the other hand, the modular form g—f,(h1,h2,h3) belongs to Sg(N) since g—i(x, Y,Z)is a
homogeneous polynomial of degree 3. Then G = h’1h3 — h1h/3 — ch—‘F,(hL hy, h3) € Sg(N). Therefore,
Yr(hy, ha, h3) =cF if and only if G(q) = O(q‘;V), that is, if and only if (ii) holds. Then the proof of the
proposition follows directly from Proposition 2. O

2 See [13, §6] for the definition of the congruence subgroup I"(N, &) and the corresponding modular curve X(N, €).
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To compute a model for the modular curve C defined over the integers, let {hq, hy, h3} be a basis
of S»(C) consisting of cusp forms with integral g-expansions. Let us consider an enumeration

{fi,..., fis} = [hihJH € Ss(N)

i,jke€Zzo, i+ j+k=4}

of the set of degree four monomials in hi, hy, h3, and let fi(q) = Z];l b,-jqf be the g-expansions
of the f;. The smooth plane quartic F defining the modular curve C, i.e. with F(hq,ha,h3) =0, is
given by the cusp form F = 1121 ai fi = ZJ;](Z}; bijai)q’ € Sg(N), whose defining coefficients a;
are computed by solving the linear equation BT -a =0, where a = (g;) is a non-trivial vector with 15
entries, B = (b;;) a matrix with 15 rows and at least cy columns.

In the following example we are going to explain how this method works in practice.

Example 1. Let A be the new modular abelian 3-fold Aj43¢. The vector space S>(A) is generated by
the g-integral basis {hq, hy, h3}, where

By Proposition 3 we compute the g-expansions of hy, hy, hs with c93 = 180 coefficients and then an
equation of the modular curve CZE43 is

CE X372 —3X22%2 - XY3 4 9xYZ? —6XZ3 +2Y3Z —9Y272 4+ 9vZ3 — 274 =0.

Even if we don’t need all the 180 coefficients to solve the linear system, we will need them for
verifying F(hi, hy, h3) = 0. Since ¢ (hq, hy, h3) =1, the jacobian jac(CZE43) is Q-isogenous to A.

4.3. Automorphisms of new modular curves

Let C be a new modular non-hyperelliptic curve of genus 3 and level N. The proof of Lemma 3
provides a full description of the splitting behaviour (over Q) of Jac(C). In the case that C could not

be parametrized by Xo(N), we have that Jac(C) < Ag x Ay where f and g are newforms of level N
for which the Nebentypus of f is trivial and the Nebentypus of g is of order 1, 2, 3, 4 or 6. In this
section we prove that the Nebentypus of g can never be 6. This result is important since it reduces
the complexity for the computation of all new modular non-hyperelliptic curves of genus 3 and for a
fixed level N.

Let C be a new modular curve of level N and genus g > 2. The diamond operators (d) on X1(N)
induce automorphisms of C over Q. Let D be the abelian subgroup of Autg(C) consisting of diamond

automorphisms, then D is Gal(Q/Q)-stable. Moreover, there exists a surjective morphism Xo(N) — C
if and only if D is the trivial group.

Let D’ be a subgroup of D. If the curve C' = C/D’ has genus g/, then g — g’ is even (see
[2, Lemma 6.17]). In particular, if C is a new modular curve of genus 3 and D’ # {1}, then g’ = 1.
Therefore, if C is non-hyperelliptic, Proposition 1 gives us the following result:

Lemma 4. Let C be a new modular non-hyperelliptic curve of genus 3. Then D is either trivial or cyclic of order
2,3o0r4.

Corollary 1. Let C be a new modular non-hyperelliptic genus 3 curve of level N such that Jac(C) is not a

quotient of Jo(N). Then Jac(C) < Af x Ag, where f is a newform of level N with trivial Nebentypus and g is
a newform of level N with Nebentypus of order 2, 3 or 4.
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5. Non-new non-hyperelliptic modular curves of genus 3

If C is a non-new non-hyperelliptic modular curve of genus 3, Proposition 2 could still be used to
compute a rational equation of C. The following examples present some behaviour that could appear
when dealing with non-new non-hyperelliptic modular curves of genus 3.

Example 2. Let f and g be the newforms attached to the modular abelian varieties Aj7s¢ and Egga
respectively. Their g-expansions begin as follow:

f@=q—¢*+ag® +q*+ (=20 - 3)¢° —aq® — 2¢" — ¢® + 0(¢°).

gD=9-0 - —q" - +q°—49" +3¢° —2¢° +¢'° + 0 (¢""),

where Ky = Q(a), a®> +2a — 1 =0, Aut(Ks) = {id,0} and K; = Q. Let {f1, f>} be the Q-basis of
S2(A178c) with the following g-expansion:
H@=q-¢*+q* -3¢ -2¢" —¢®* —2¢° +3¢"° —2¢"° + 2¢"* + 0(¢").

Let be f3(q) = g(q) + 2g(g?). Then the non-singular irreducible homogeneous polynomial
F(X,Y,Z)=X3Z — X?Y? +2XY%Z - Y37 —4X?7% +3XYZ? —2v%?7? +3x23 - v 73

satisfies F(f1, f2, f3) = 0 and ¥r(f1, f2, f3) = 1. Therefore the smooth plane quartic C$94- :
F(X,Y,Z) =0 is a non-hyperelliptic and non-new modular curve of genus 3 such that SZ(C?%‘C) =
(f1, f2. f3). In particular, Jac(C394.) is Q-isogenous to Aj7sc x Esga.

The following couple of examples show (plane) non-hyperelliptic curves of genus 3 with equations
Cq:Fy(X,Y,Z)=0 of degree d > 5.

Example 3. Let A be the new modular abelian 3-fold Ai73p. With respect to the integral basis
{f1, f2, f3} of S2(A),

fl (q) =q + q2 +q4 +q8 + 3q9 + 2q]1 _ 6q15 + q]G _ 2q17 + 3q]8 _ 4q19 + O(qZO)’

F2(q) :q3 —q5 +q6 _ q9 _q10 +q12 _ 2q13 +q15 +q17 _q18 +q19 + O(qzo)’

3@ =q"—2¢° —q" +q" +2¢" + 29" — 2¢"® + 0(¢*).

we compute the equation of a genus 3 non-hyperelliptic curve C: F7(X,Y, Z) =0, where

F7(X,Y,Z)=X22 —=3X4%vZ2 +8x423 —2xX3y3z + 7xX3v? 22 — 23X3v 23 - Y
+26x37% —3x2y372%2 +18x%y%723 —53X%y 2% + 42X?7° + XY®
—3XY®Z + XY*Z% +14XY3Z> —10XY?Z* —36XY Z> + 32X 25
+4Y%Z +10Y°22 —66Y423 +124Y3 2% —100Y%2° +20Y 2% + 877,

for which F7(f1, f2, f3) =0. A canonical embedding ¢ of C is computed using MAGMA, and C’' = ¢ (C)
has a quartic model with equation
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C':X*—ax3Y +6X3Z +2X%Y? —5X%272%2 + 4XY3 —30XY?Z + 64XY Z? — 42X 73
—3Y*+8Y37 +9Y%7% —40YZ3 +287% =0.

F
We have been able to check Jac(C’) ~ Jac(C894.) from Example 2 for p {178 such that p < 500. Fur-

thermore, by computing the absolute Dixmier-Ohno invariants (cf. [8,11]), we have C’ is Q-isomorphic

89A
to Ci7gc-

The abelian variety A17sp ii@—simple (since f17gp has no extra-twists and has no complex mul-
tiplication), therefore it is not Q-isogenous to Jac(C’).

If A is a new modular abelian variety Ay and we build a smooth plane quartic C’ as above,
then Jac(C’) and Ay will in general not be Q-isogenous. However, if Jac(C’) is Q-simple and new of

level N, then there exists a newform g of level N with Jac(C") < Ag. Moreover, if g = f ® x for some
Dirichlet-character x then Ay ﬁ]ac(C/), where K = QKerX (cf. [20]).

Example 4. Let A be the new modular abelian 3-fold Az43r. Then there exists an integral basis
{f1. fa2, f3} of S2(A) satistying Fe(f1, f2, f3) =0, where
Fe(X,Y,Z)=XZ —7X*7? - X3y3 —9xX3vy 7% + X373 + 6X%Y3Z + 19x%7*
—3XY3Z2 +18XY2Z3 4+ 27XYZ* +2XZ5 4 27X?Y 73 + 9X%y? 72
+8Y373 +9y27z4 —9yz> —87°,
defines a non-hyperelliptic plane curve C: Fs(X,Y, Z) =0 of genus 3 and degree d = 6. A canonical
embedding of C is a smooth plane quartic C’ given by
C':X3Y —12X%Y%2 4 9X2YZ — 24X% 72 + 48XY> 4 24XY?Z — 57XY Z?
—2x37+66X2% —64Y% +104Y3Z —36Y22%2 —65Y7> +882% =0.
We have fo43r = fr43r ® x where x is the non-trivial Dirichlet-character of level 3, and thus

=3
A243E Q(C) Azg3r. In fact, the quartic C’ is modular and its jacobian Jac(C’) is conjecturely Q-

F
isogenous to Aj43g Q]a\c(CZE43) (we have checked Jac(C") 2L Anq3p for primes p with 3 < p < 500).
The next example illustrates in particular why condition (iii)(b) in Proposition 2 is necessary.

Example 5. Let A1 be the new modular abelian variety of level 120 that is the product of A1204.,.2
and Eq1z04 and let C; be the smooth plane quartic defined by F(X,Y, Z) =0, where

F(X,Y,Z)=3X*—-10X?Y? —10X%2Z? + 7Y* +8Y3Z + 2Y?7%> —8YZ3 + 77°.

There exists a basis {f1, f2, f3} of S2(A1) such that F(fy, f2, f3) =0 and ¥ (f1, f2, f3) is non-
constant.

Similarly, consider the new modular abelian three fold Ay = A240B(00,02 % E2404 and the smooth
plane quartic C, : G(X, Y, Z) =0, where

G(X,Y,Z)=3X*—10X?Y? —10X?22 +7Y* —8Y3Z +2v%22%2 +8Y 23 + 72°.
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There exists a basis {g1, g2, g3} of S2(Az) such that G(gi, g2,23) =0 and v¥(g1, g2, g3) is non-
constant.

Furthermore, F(X,-Y,Z)=G(X,Y, Z), and hence C; g C,. However Aq is not Q-isogenous to Aj.
In fact, if we denote by x; (resp. x2) the Dirichlet character attached to the quadratic field Q(+~/—5)
(resp. Q(+/—1)), the following equalities hold

f120400.0.02) = f240B(0002 ® X1 and  f120a = f2404 ® X2-

Therefore

QH-5) Q(/—1)
A120A0002 ~  A240Bi002 and Eizoa ™~ " Ez40a.

Furthermore, Jac(C;) is not Q-isogenous to the modular 3-fold A; for i = 1,2. Nevertheless, C;
(and Cy) must be modular for some level M dividing 120. Indeed, C; is Q-isomorphic to a non-

new modular curve C of level 30 with Jac(C) 2 A304p, X E154. More precisely, there exists a Q-basis
{h1, hy} for S2(A304p,) as well as a Q-basis {h3} for So(E154) and a homogeneous polynomial

H(X,Y,Z)=7X*+8X3Y +2X%Y? —10x%2% —8XY3 + 7Y* —10Y?2% + 324

such that if we denote by r3(q) = h3(q) + 2h3(q%) we have H(hy, hy,13) =0 and g (hy, hy,13) =1, in
particular S»(C) = (hy, hy,r3). In fact, F(Z,Y,—X)=H(X,Y, Z).

6. Conclusion

In this work, we present a method to compute equations for modular non-hyperelliptic curves
of genus 3. In particular, given a modular abelian 3-fold A of level N, we provide a criterion that
enables us to check (from a basis of Sy(A)) whether there is a modular non-hyperelliptic curve C of

the same level for which Jac(C) 2 A. We apply this method to compute a list of 44 new modular
non-hyperelliptic curves of genus 3 and level N smaller than a certain large bound (see Appendix A).
In view of the computed examples and the result (and guess) in the hyperelliptic case [13,2], we think
it is likely that the computed list is complete. However, we are currently unable to prove this guess.
It seems also impossible to prove it nowadays using the techniques proposed in [13] for the genus
two case.

We also stress the following open question:

For every fixed genus g > 2, is the number of modular curves (without the restriction new) of genus g
infinite?

The authors of [2] conjectured that the answer is yes.

As first step to answer the question above, Section 5 explained by means of some specific example
the difference that may appear between new and non-new modular curves of genus 3.
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Appendix A
Labelling

We remind the notation introduced in [2, Appendix] to label newforms of weight 2, and in partic-
ular to fix an ordering of (Galois conjugacy classes of) newforms having a given level and Nebentypus.

Let f be a newform of level N and Nebentypus &, we associate to f a label of the form NX,
where X is a letter or string in {A,B,...,Z, AA,BB,...}. If ¢ =1, we omit the subscript & and use
a label of the form NX, and if the Fourier coefficients of f are integers we will use the labeling
in [6]. First we remember how is X constructed from f; Fix N and €. Let f =Y ayg" € S2(N, €)
be a newform. To f associate the infinite sequence of integers t; = (Trk, a1, Trk g az, - . ). Choose
Xe({A,B,...,Z,AA, BB, ...} according to the position of t; in the set {t;: g € S2(N, &) newform}
sorted in increasing dictionary order. Notice that t; determines the Galois conjugacy class of f.

Now, we describe how the Dirichlet character ¢ : (Z/NZ)* — C* is encoded. Let N =[] ps" be
the prime-ordered factorization. Then there exist unique &p, : (Z/ps"Z)* — C* such that ¢ =[] p,.
If p is an odd prime, let g, be the smallest positive integer that generates (Z/p*Z)*, and if p =2
and o < 2, let g, = —1; in these cases ¢, is determined by the integer e, € [0, ¢(p%®)) such that
ep(gp) = e?7ie/9(P") If p =2 and & > 2, then &, is determined by the integers e}, e} € [0, ¢(2%))
such that g2(—1) = e?71€2/%2%) and &,(5) = e?712/92") and we write e, = {e}, €}}. Assuming that N
is implicit, we denote & by {e,: p|N}.

If feS2(N,¢) is a newform with label NXg, then Ayx, will denote the corresponding modular
abelian variety Ay, except that when dim Ay =1, we instead follow the labeling in [7] and use the
letter E instead of A to denote the modular elliptic curve Ay.

Tables

Performing the computations of all the non-hyperelliptic new modular curves of genus 3 would
be extremely time-consuming. Therefore we have conducted a search of all non-hyperelliptic new
modular curves of genus 3 and some fixed level. For the Case A up to level N < 10000, for the
Case AE up to level N <4000 and for the Case EEE up to level N < 130000, the highest level in
Cremona'’s tables [7] (see proof of Lemma 3 for the notation of Cases A, AE and EEE). For this aim,
we have implemented the method developed at Section 4 in MAGMA [3] using W.A. Stein’s Modular
packages. We have obtained a total of 44 such curves that appear at Table 1.

Table 1 has two columns. The first one shows the label of the non-hyperelliptic new modular curve
of genus 3 and the second column shows the correponding smooth plane quartic model over Z. The
notation for the curves is as follows:

Notation. Let C be a new modular non-hyperelliptic genus 3 curve of level N. In the case that Jac(C) is
a factor of Jo(N) we will add N as a subscript and the corresponding letters of the labels correspond-

ing to the Q-factors of Jac(C) as superscripts to C. Otherwise, Jac(C) < Af x E, where f € S3(N,¢)
such that € is not trivial and E is an elliptic curve over Q. We will denote this modular curve by
C,)\,(;AS where X4, and Xg are the corresponding labels for Ay and E respectively.

Finally, we have added the superscript ¢ (resp. %) on the left of the labelling of the curve if P
is an ordinary flex (resp. hyperflex).

Note that we have not attempted to reduce the size of the coefficients appearing in the computed
models. However the models obtained have already very small coefficients: the worst-case is the
modular curve CQS’B , which has largest coefficient 98.

Contrary to what is observed in [2] for hyperelliptic new modular curves of genus 3, there exists
a non-hyperelliptic new modular curve of genus 3 and level N for which N has more than two
different odd prime divisors, namely the modular curve Cg’ss. In fact, this is the only curve for which
three different primes appear in the factorization of the level of modularity. In all other cases, there
are just one or two primes.
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As a final remark, note that the curve C j;‘g. Ana is the Klein quartic, it is thus Q-isomorphic to the
classical modular curve X(7).

Table 1
New modular non-hyperelliptic genus 3 curves.
C : F(x,y,2)=0
C0.A1 3 X¥z—x*y? —3x22% +xy? +4x2 — 224 =0
C;‘Mm.l.n) 2 Xz —x2y? —x*22 +xy> —xy?z —3xy22 + y 2+ 2y?22 +y22 =0
’CQ‘I)A“.L” 2 ¥z —2xyz —x*22 —xy> + 2xy?z 4+ 6xyz® +2y3z —2y?7% —4yz> =0
'C?GVA“V” 2 Xz —3x%2% —xy? +4x23 +2y°z2 224 =0
*C?&A(o.m 2 X0z —2x272% + 4xy?z — Txyz? — 6x2° — y* + 5y°z + 2y?22 — 6yz> — 324 =0
¢ C§‘9,Aw,4, : Xz —2x%yz — xy® — 2xy?z + 2xyZ? + yz> =0
cAP 2x37 — 2x2y2 — 6x22% + xy3 + 9xy2z — 5xyz2 + 11x2% — 9y* + 1232 — 229222 + 12y23 — 924 =0
¢ CfS,A(z.m : Xz +2x2yz — xy? +2xy?z — 2xyZ? + yz> =0
Chonny ¥z—xy}+yz2=0
CgeyA(O.l.O) Xz 42x2yz — X222 —xy3 — 2xy%z — 6xy22 + 2y 2+ 2y%22 + 4y22 =0
chpe 2 2x3z — 2x%y? + 5x%2% — 16xy2z — 8xyZ> + 2x2> 4+ 3y* + 8y°z — 6y?z> —4yz> =0
chp 2 23z — 2x%2y? — Tx?Z% — 2xy® — 4xy?z + 26xyz% 4 30x2° — 3y* — 26y3z — 81y%2% — 98yz® — 4024 =0
ch© 6x3z — 6x2y% — 8x2z% — 3xy3 + 25xy2z — 13xyZ% + 25x23 — 11y* +19y3z — 33y22% + 13y23 — 14z =0
chP 2 Xz —x2y? —2x27% + 4xy?z + 3xy2? + ¥z —2y22 =0
cie Xz —x2y2 —x222 + xy3 —xy2z+3xyz2 —x22 —2y* +4y3z — 6y222 + 4y23 — 4 =0
G 2 Xz —x2y? —5x°2% + xy3 + xy?z + 3xyZ? + 6x2° —3y?2> — yz> — 224 =0
* 8D 2 Xz —3x%2% 4+ 3xy%z — 3xyZ22 + X2 — y* —6y°22 +yz> — 82 =0
ey 2 Xz —2x%yz — x*Z2% — xy3 + 6xy%z — 6xy2% + 3x2°> + y* — 6y32 +10y?22 —5y2> =0
Crg 2 Xz —x2y? —4x22% +xy3 4+ 2xy?z+ 6x2° — y3z —3y?22 + yz2 — 324 =0
chbc : Bz —x2y2 — 22 4 2XY2 24+ Xy22 + X2 + Y2+ Y222 +y2 + 24 =0
css 2 Xz —x2y? +x222 —xy3 —2xy2z+x2> — y* — y3z— y?22 =0
iy 3 Xz —x2y% —3x27% 4 xy3 —xyz? +4x2> +2y3z —3y222 +3yz> — 224 =0
G 2 Xz —x2y? —2x°72% + xy3 — 2xy?z + 2xy2% +x2° + y* —2y3z 4+ 4y?22 —3yz> =0
cSDE 3 Pz -2y +x222 —xy} +xy?z+x22 -yt —y3z—y?22 =0
G 2 X3z —x%y? —3x222 + xy3 + 3xy2z — 2xyZ2 + 2x2°> — y* — Y222 + y2 =0
Ol 2 Xz —2x%yz — 2222 — xy3 + 2xy2z + Axyz® +x2° + y*2> —3yZ2® — 224 =0
S 2 Xz —x2y? —3x22% + xy3 + 2xy2> +x2° + y?22 —3y22 + 24 =0
O, 2 Xz —2xyz — 20222 —xy3 + 2xy°z + xyZ22 + 2x2° + y*Z —y22 -4 =0
G 2 Xz —x2y? — 222 +xy> —xy?z —xyz> + 2% + 2z — y?2> +3y22 =0
g 2 Bz —x2y? —3x22% + xy> + 3xy?z — dxyz? + 4x2® — y* + 3y3z — 6y?22 + 3yz> — 224 =0
G- 2 3x3z — 3x%y? — 11x22%2 — 3xy> + 13xy%z — 2xyz° + 11x2° — 2y* — y3z —4y?72 + y22 — 224 =0
@ 2 XCz—x2y? — X222 +xy> —xy?’z+x2 +yt —yPz+y2 -4 =0
e 2 Xz —3x%2% —xy3 + 9xyz? — 6x2° +2y°z — 9y?22 + 9yz° — 224 =0
ochb 2 Xz—xy>+6x22 —4y°z+724=0
g 2 Xz —x2y? —x*22 +xy> —xy?z+2xyz> —x22 — y3z+3y?22 —y22 =0
r 2 Bz —x2y? txy? +xy22 +x22 — y3z4+2y2 + 24 =0
el 2 Xz —2x°72% —xy? + 6xyz2 — 6x2> —3y?2> +6yz> — 24 =0
*chy 2 ¥z —x222 —xy3 +5xy22 —x22 + y* +2y3z — y?22 —2y22 =0
@ 2 Xz —x2y% —5x22% — xy> + xy%z + 17xy2? + 14x2> — 2y* — 14y3z — 35y222 — 35y72°> — 1224 =0
O 2 Xz —x222 —xy> +3xyz% —3x2° +2y3z2 — 3y?22 +3yz> =0
s 3 Bz —x2y? + 222 +xy3 —2xy%z + 2xy2% —x2 + y* —2y3z+yZ22 =0
Ol ] X3z —xy® +3xyz% + 5x2> —6y?22 =3y + 24 =0
ik 2 X3z —xy3 + 3xyz% + 5x2° + 3y?2% + 6yz> — 82 =0

pleTTE 3 Xz —3x%2% +3xy%z — 3xyz% + 3x2> — y* —2y?22 + y22 4224 =0
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